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A useful method of modeling viscoelastic effects in structures for transient response analysis is to treat the
frequency dependence of the usual damping model through the introduction of extra dissipation coordinates or
internal variables. These new coordinates require a curve � t to the material loss factor data over a range of
frequencies. Such a method has the disadvantage of introducing a large number of extra degrees of freedom
that make response calculations and controller design very computationally intensive. Methods are examined to
reduce the model size and, hence, ease this burden. Eigensystem truncation and balanced realizations are used to
successfully reduce the full model. It is demonstrated that methods where the reduction transformation is based
on the undamped model produce poor results. An iterative method to calculate the full eigensystem is introduced,
using the frequency-dependent material modulus. In an alternative scheme, the model based on the physical
degrees of freedom is reduced before the extra dissipation coordinates for the Golla–Hughes–McTavish method
are introduced. Also considered is the possibility of reducing the model at the element level, before assembly,
although this approach has dif� culty retaining the damping characteristics of the full model.

I. Introduction

S EVERAL researchers have presented successful methods to
model the effects of viscoelastic damping mechanisms that

introduce hysterisis. An effective approach is to introduce addi-
tional coordinatesor internalvariablesto account for the frequency-
dependentandhystereticbehavior.Motivatedby theneed to produce
� nite element models that are capable of predicting the dynamic re-
sponse of a structure or component, Golla and Hughes,1 McTavish
and Hughes,2 Lesieutre and Mingori,3 Lesieutre,4 Lesieutre and
Bianchini,5 and Lesieutre and Lee6 developed independent means
of augmenting a � nite element model with new coordinates con-
taining damping properties found from material loss factor curves.
Johnson et al.7 start at the constitutive law level and characterizean
internal variablemethod of modeling the viscoelasticeffects,which
are eventually used to augment a � nite element model, greatly in-
creasingits size.The Golla–Hughes–McTavish (GHM)methoduses
a second-order physical coordinate system, and the approach de-
scribed in Refs. 3–6 uses a � rst-order state-spacemethod called the
augmenting thermodynamic � elds (ATF) method. Both are supe-
rior to the modal strain energy (MSE) method proposed by Johnson
et al.8 Although the MSE method is substantiallyeasier to use, both
the ATF and the GHM methods are more accurate. These two more
complex approaches are able to account for damping effects over a
range of frequencies, complex mode behavior, transient responses,
and both time- and frequency-domainmodeling. Inman9 applied the
GHM approach to simple beams, and Banks and Inman10 provided
an alternate time-domain method for modeling hysterisis.

The ATF approach focuses on a � rst-order differential equation
model of the viscoelasticbehaviorand results in an odd-ordermodel
rather then the usual second-orderdifferential equation used in dy-
namic � nite element models. However, it does allow the treatment
of temperature effects.11 The GHM approach on the other hand is
well suited in the second-order form but is, as yet, unable to rep-
resent temperature effects. The retention of second-order form is

Received 19 February 1998; revision received 18 December 1998; ac-
cepted for publication 9 March 1999. Copyright c° 1999 by Michael I.
Friswell and Daniel J. Inman. Published by the American Institute of Aero-
nautics and Astronautics, Inc., with permission.

¤Reader, Department of Mechanical Engineering.
†G.R. Goodson Professor and Director, Center for Intelligent Material

Systems and Structures.

particularly important where the goal is to produce reduced mass,
damping, and stiffness matrices for substructuresor elements, as is
the case in this paper. Therefore, the GHM approach is used exclu-
sively, although the proposed reductions for the full model would
be equally valid for the ATF approach.

II. GHM Modeling of Viscoelastic Components
The basic procedure of GHM is to start with plots of experi-

mentally obtainedcomplex modulus or loss factor data. These plots
of modulus vs frequency are available from manufacturers of vis-
coelastic material and are curve � t to a rational polynomial. This
rational polynomial, with coef� cients re� ecting the material prop-
erties of the test specimen, is next used to represent the Laplace
transform of the hysteretic stress–strain relationship. The result is
combined with the undamped model of the structure to produce a
� nal model containingexpanded coordinatesand a damping matrix
that captures the transient decay and complex mode behaviorof the
structure with the viscoelastic components.

The � nite element model of a structure with viscoelasticcompo-
nents may be modeled as

OM Rq C ODPq C OKq C PG OKvq D Of .1/

where G is the relaxationfunctionof the viscoelastic.The displace-
ment q and the applied force f are vectors, and OM; OD, and OK are
the mass, damping, and stiffness matrices of the elastic part of the
structure. The matrix OKv is that part of the stiffness matrix that rep-
resents the viscoelasticmaterial. Usually, most of the damping will
come from the viscoelastic material, and so the damping matrix in
Eq. (1) will be zero, that is, OD D 0. In the standard GHM method1;12

the following expression in the Laplace domain for the viscoelastic
material properties is assumed:

sG.s/ D G0 C h.s/ D G0 ¡
n

i D 1

.di s C ki /
2

s2 C ¯i s C ±i
.2/

where G0; di ; ki ; ¯i ; and ±i are constants.A mass term could be in-
cluded in the numerator of Eq. (2), but constraints are then required
between the mass, damping, and stiffness terms.12 Thus, it is most
convenient to set the mass terms to zero from the outset, so that
the structure and the auxiliary degrees of freedom used to model
the viscoelasticmaterial are coupled only through the damping and
stiffness properties and not the inertia properties.This has the great
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advantageof making the resulting mass matrix well conditioned.In
general the modes predominantly involving the dissipation coordi-
nates in Eq. (1) will be overdamped, but it is assumed that the real
poles are paired so that the model may be written in the form of
Eq. (2).

The equations of motion (1) may be written in the frequency
domain as

[ OMs2 C ODs C OK C .G0 C h.s// OKv ]q.s/

D Of.s/ C OM.sq0 C Pq0/ C ODq0 (3)

where q0 and Pq0 are initial displacement and velocity vectors.
We now introduce the n auxiliary vectors zi and create a model,

in the Laplace domain, that is equivalent to Eqs. (2) and (3) as

[Ms2 C Ds C K]x.s/ D f C [M ].sx0 C Px0/ C [D]x0 .4/

¸i
qi

¸i qi
D

0 I
¡ OM¡1[ OK C real. j!G. j!// OKv] ¡ OM¡1[ OD C imag. j!G. j!// OKv=!]

qi

¸i qi
(8)

where

[M] D

OM 0 ¢ ¢ ¢ 0

0 I ¢ ¢ ¢ 0
:::

:::
: : :

:::

0 0 ¢ ¢ ¢ I

; [D] D

D̂ d1R ¢ ¢ ¢ dnR

d1RT ¯1I ¢ ¢ ¢ 0
:::

:::
: : :

:::

dnRT 0 ¢ ¢ ¢ ¯nI

[K] D

OK C G0
OKv k1R ¢ ¢ ¢ knR

k1RT ±1I ¢ ¢ ¢ 0
:::

:::
: : :

:::

knRT 0 ¢ ¢ ¢ ±nI

; x.s/ D

q.s/

z1.s/

z2.s/
:::

zn.s/

x0.s/ D

q0

z10

z20

:::

zn0

; Px0.s/ D

Pq0

Pz10

Pz20

:::

Pzn0

; f .s/ D

Of .s/

0

0
:::

0

and the matrix R is such that RRT D OKv . The initial conditionsof the
i th set of auxiliary degrees of freedom are given by zi0 and Pzi0. For
a structure with no rigid-body modes the number of extra degrees
of freedom added is n times the elastic degrees of freedom (DOF).
If rigid-bodymodes are present, then the number of extra DOF may
be reduced, and in this case R becomes a rectangular matrix. This
extension to include rigid-bodymodes is relativelystraightforward1

and so will not be considered further. The initial conditions for the
auxiliary degrees of freedom are12

zi0 D 0 (5)

Pzi0 D ¡di RT q0 (6)

The parameters used in Eq. (2) as well as the number of terms used
in the summation depend on the nature of the particularviscoelastic
material used and the structure and are determined experimentally.
Obviously, the GHM model has the potential for greatly increas-
ing the order of the � nal model, hence motivating work on model
reduction.

III. Calculating the Eigensystem of the Full Model
There are two ways of calculating the eigensystem of the full

model. The GHM approach may be used to form the mass, damp-
ing, and stiffness matrices using Eq. (4). The eigensystem may be
computed in the state space by rewriting the eigenvalue equation
equivalent to Eq. (4) as

¸i

xi

¸i xi
D

0 I

¡M¡1K ¡M¡1D

xi

¸i xi

(7)

where ¸i and xi are the i th eigenvalue and eigenvector, respec-
tively. These eigenvalues and eigenvectors will either be real or
occur in complex conjugate pairs. Alternative, general forms of
the general eigenvalue problem may be formulated to retain sym-
metric matrices. The biggest drawback with this approach is the
size of the matrix and, hence, the computationaleffort required for
the eigensolution. If three terms are required in the summation of
Eq. (2) to successfully � t the viscoelastic material characteristics,
then the number of DOF are approximately four times the number
of physical DOF, requiring a computational effort approximately
64 times that required if the viscoelastic material modulus was
constant.

An alternativemethod to compute the eigensystem is to apply an
iterative scheme based on the assumed frequency-dependent com-
plex modulus. Here the eigensolution is in terms of the physical
coordinates, which from Eq. (1) is

Notice that the real part of the viscoelastic modulus gives the stiff-
ness properties,whereas the imaginarypart contributesto the damp-
ing. The dif� culty here is that the material properties of the vis-
coelasticdependon the frequency,which we do not know. However
an iterative scheme may be set up as follows:

1) An estimate of the natural frequency is made (or the midpoint
of the frequency range taken).

2) The material properties are obtained at this frequency, either
from the GHM formula, Eq. (2), or by interpolation from the mea-
sured modulus data directly.

3) By the use of this value of modulus, the eigensystem is com-
puted and the eigenvalue of interest is obtained.

4) If the eigenvaluehas not converged, then the natural frequency
is computed and steps 2 and 3 are repeated with this new frequency.

In practice convergencewill be very fast. The size of each eigen-
problem to be solved is much smaller than that of Eq. (7). However,
an eigensolutionmust be obtainedat every iteration,and the process
must be repeated for each mode of interest. The resulting eigenval-
ues and eigenvectorswill not be exactly the same as those obtained
from Eq. (7), but they should be close. In practice the material mod-
ulus would be obtained from interpolationof the measured modulus
data, thus avoiding the need to produce a GHM model of the ma-
terial. Plouin and Balmès13 considered a similar iterative scheme
but used a basis of real modes, with corrections for the damping
and static effects. An iterative version of the modal strain energy
method may also be used, although the resulting damping estimates
are only a � rst-order approximation to the full complex analysis for
small damping.14

IV. Reduced-Order Models
For control design and analysis, the full model, given by Eq. (4),

contains too many degrees of freedom. This model should be re-
duced to allow fast computation of the response, to test many can-
didate controller designs. This reduction is particularly valuable
for structures with viscoelastic components because many of the
modes that predominantly involve the dissipation coordinates will
be overdampedmodes, whereas the importantmodes are the under-
damped structural modes, that include damping via the coupling in
the dampingand stiffnessmatrices.Two reductionmethodswill now
be outlined.The reductionto modal coordinatesis regularlyused for
undamped structures, through the system equivalent reduction ex-
pansionprocess (SEREP) transformation.15;16 The differencein this
paper is that the complex eigenvectorsmust be used to incorporate
the damping of the viscoelastic material.

The approach common in control engineeringuses consideration
of controllabilityand observabilityand transforms the states to bal-
anced states that are equally controllable and observable.17 ;18 The
least controllable and observablebalanced states are then removed.
The great advantageof the balanced realizationapproach is that the
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importantmodes do not have to chosena priori, and the overdamped
modes are incorporatedin a consistentway. The common approach
to balanced realizations and model reduction is based on the state
space, although the extension to second-orderform, via a real trans-
formation, has been considered by Meyer and Srinivasan.19

The time-domain, state-space model equivalent to Eq. (4) is

Pz D Az C B Qf ;
q
Pq

D Cz (9)

where

z D
x
Px

; A D
0 I

¡M¡1K ¡M¡1D

B D

:::

0

I

0
:::

; C D
I 0 ¢ ¢ ¢ 0 0 0 ¢ ¢ ¢ 0

0 0 ¢ ¢ ¢ 0 I 0 ¢ ¢ ¢ 0

Note that the input is assumed to be the force into the physical de-
grees of freedom, and the output is assumed to be the response (and
velocity) at the physical DOF. Equation (9) represents the standard
state-space model. It is possible to transform the states so that A is
symmetric, but this has not been done here.

A. Reduction to Modal Coordinates
The precedingsectionhas consideredthe calculationof the eigen-

values and eigenvectors of the structure. Equation (7) is equivalent
to calculating the right eigenvectorsÁRi and eigenvalues ¸i , so that

AÁRi D ¸i ÁRi .10/

The left eigenvectorsÁLi may also be de� ned as

ÁT
Li A D ¸i Á

T
Li or AT ÁLi D ¸i ÁLi .11/

Once the modes of interest have been chosen, then the left and right
eigenvectorsmay be arranged as columns in two matrices, 8L and
8R . Generally, these matrices are rectangular, and only the modes
that have signi� cant in� uence in the frequency range of interest
are retained. Provided that the eigenvectors are normalized so that
ÁT

Li ÁRi D 1, the state-space matrices may be transformed to give

Pze D Aezr C Be
Qf ;

q
Pq

D Ceze (12)

where

Ae D 8T
L A8R ; Be D 8T

L B; Ce D C8R

These equations are not directly useful because the reduced state
vector is complex, as are the reduced matrices. Furthermore, we
would like the equations in terms of the physical DOF q and their
derivatives. Assume that the number of states and the number of
eigenvectorsof interest are equal, so that Ce is square. Furthermore,
the modes may be are chosen so that Ce is well conditioned with
respect to inversion. If Ce is singular or poorly conditioned, then
some of the chosen modes have little effect on the displacement at
the physical DOF. The reduced model based on the displacement
and velocity at the physical DOF may then be formed:

Pqr

Rqr
D Ar

qr

Pqr
C Br

Qf (13)

where

Ar D CeAeC¡1
e ; Br D CeBe

Although it is not immediately apparent that the matrices in
Eq. (13) are real, the inclusion of complex conjugate pairs of eigen-
vectors ensures that this is the case. If there are fewer physicalDOF

than modes, then a reduced model may be produced,where the dis-
placement and velocity at the physical DOF form a subset of the
states.

AlthoughEq. (13) implies that the originalmatricesmust be used,
this is not the case. Indeed, knowledge of the normalized eigenvec-
tors and eigenvalues to be retained is suf� cient to generate the re-
ducedmodel.Fromthede� nitionofAe and theeigenvalueequations,

Ae D diag ¸1; ¸2; : : : ; ¸nr .14/

where nr is the number of retained eigenvalues. From the de� ni-
tion, Eq. (12), Be and Ce are obtained by picking out the DOF of
interest from the eigenvector matrices. Thus, the model given in
Eq. (12) may be computed directly from measurements or from a
reduced modal model computed via the iterative approach. Note
that in the case of the eigensystem computed by the iterative ap-
proach given earlier Eq. (14) is approximate, because the eigen-
vectors are truly normalized individually. Because the state-space
matrix [Eq. (8)] changes for each eigenvalue, the eigenvectors
corresponding to different eigenvalues are not guaranteed to be
orthogonal.

B. Reduction via Balanced Realizations
A system is controllable if an input exists so that the states of the

system may be driven to any arbitrary con� guration. The controlla-
bility gramian Wc for the system described by Eq. (9) is the solution
of the equation

AWc C WcAT C BBT D 0 .15/

The system is controllableif the gramian is full rank, and the condi-
tion of the gramian is a measure of the controllabilityof the system.
Similarly, the observability gramian Wo may be obtained from the
solution of

AT Wo C Wo A C CT C D 0 .16/

If the system is observable, then the state vector may be recon-
structed from knowledgeof the current and past values of the output
vector.

The degree of controllability and observability cannot be deter-
mined in isolation.17 A convenient approach is to transform the
state so that the observabilityand controllabilitygramiansare equal.
This is a balanced realization. It is also convenient to make these
gramians diagonal, so that the controllability and observability of
individual states may be determined immediately. The least con-
trollable and observable transformed states may then be removed.
Skelton17 outlines the method and gives a convenient algorithm.
Meyer and Srinivasan19 considered the balanced realization based
on the second-order form of the equations of motion (1) or (4) and
gave a method of calculating the balancing transformation for the
degrees of freedom. In state-space form, if Tb is the required bal-
ancing transformation, then Eq. (9) becomes

Pzb D Abzb C Bb
Qf ; q D Cbzb (17)

where

z D Tbzb; Ab D T¡1
b ATb; Bb D T¡1

b B; Cb D CTb

The balanced states are ordered from most controllable and ob-
servable to least, so the state vector and the matrices may be parti-
tioned into retained and eliminated states. On the assumption that
the derivative of the slave states is zero, then a reduced state-space
model based solelyon the retainedstatesmay be formed.17 Calculat-
ing balancedrealizationsis computationallyintensive.Furthermore,
methods that generate the transformationusing a Cholesky decom-
positionoften fail for systems with a largenumberof states,because
the gramians are rank de� cient to the numerical precision used in
typical software packages. Skelton17 suggests removing uncontrol-
lable states before calculating the observability gramian. This can
be taken further, and many of the least controllable states could be
removed at this stage. Suf� cient states should be kept to ensure that
there are enough observable states to generate the reduced model.
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For the large-scalesystems in structuraldynamics, the initial model
will also have to be reduced to an intermediate-size model using
eigensystem truncation, described earlier or one of the standard
methods for undamped structures, for example, static reduction,20

improved reduced system (IRS) model,21 or SEREP.15 ;16

V. Reduction at the Substructure or Element Level
The major problem with using the full, large-scalemodel to gen-

erate the reduced model is that this model will have a very large
number of DOF. This section introduces two approaches that could
potentially save substantialcomputationaleffort. The � rst approach
is to assemble the model of the physical parts of the structure [that
is, assemble the matrices in Eq. (1)] and reduce this model before
the GHM dissipation coordinates are introduced. This reduction
could be undertaken for a substructure containing the viscoelastic
material, and this substructureis then combined with the remaining
substructures in the usual way. This approach reduces the num-
ber of physical coordinates and also the number of dissipation co-
ordinates.Any suitable reductionof the physicalDOF may be used,
for example, static reduction, dynamic reduction, IRS, SEREP or
balanced realizations. Because the viscoelastic material adds most
of the damping, standard methods for undamped structures per-
form well, and in the numerical example given later SEREP is
used.

The second approach is to reduce the models of the elements be-
fore assembly. The difference with the � rst approach is the order
in which the reduction and GHM formulation are undertaken, and
therefore, the DOF in the resulting reduced model will have differ-
ent characteristics. In the substructure approach the DOF include
dissipation coordinates, whereas in the reduction at element level
only physical DOF remain. Both approaches will be demonstrated
in the numerical example, but some of the problems in the reduc-
tion at element level will now be discussed. The auxiliary DOF in
Eq. (4) now have to be included for each element, and these DOF
are the obvious candidates to be eliminated to produce the reduced
element model. Some of the physical DOF may also be reduced out
of the elementmodel. Methods used for undampedsystems, such as
static reduction, may be used, but the structure of the element ma-
trices [Eq. (4)] means that these methods do not retain the damping
properties of the element. With static reduction, for example, this
is because the reduction is equivalent to enforcing a viscoelastic
material model that is quadratic in frequency. It is possible to use
a truncated complex eigensystem, and providing the correct modes
are used, Eq. (13) may be applied.The resultingreduced state-space
matrix doeshave thecorrectform for a secondordersystem(namely,
the upper half is a response and the lower half is the correspond-
ing velocity), and so reduced mass, damping, and stiffness matrices
may be obtained. Even so, as shown in the example, there are still
problems in retaining the damping effectiveness in the assembled
model. Balanced realizationsmay be used to generate reducedmod-
els of the element in second-order form.19 A transformation based
on the undamped modes must be undertaken,so that the rigid-body
modes are decoupled from the structural modes, to ensure that the
model is asymptotically stable and, thus, meets the requirements
for the application of the balancing approach. The resulting model
produces frequency responses for the retained physical DOF that
are very accurate. However the resulting assembled model has poor
accuracy, as demonstrated in the example.

VI. Numerical Example
The methods outlined were tested on the cantilever beam shown

in Fig. 1, whosedimensionsare givenin Table 1. The beamconsisted
of an aluminum base beam, with a layer of 3M ISD 112 viscoelastic
material, followed by an aluminium constraining layer. Only the
base beam was clamped. The � nite element model used the formu-
lation given by Lesieutre and Lee6 except that the viscoelastic was
modeled using the GHM approach with three terms in the summa-
tion of Eq. (2) (Ref. 12). The elementproposedby Lesieutreand Lee
has 10 DOF per element. Each nodehas four DOF, namely, the three
standard displacements of the base beam (axial displacement and
bending transverse displacement and rotation) and the shear angle
in the viscoelastic.Each element has two internal DOF, namely, an

Table 1 Parameters of the cantilever beama example

Viscoelastic Constraining
Parameter Base beam layer layer

Young’s modulus, GN/m2 70 ISD 112 70
Mass density, kg/m3 2700 1600 2700
Thickness, mm 5 0.25 1
Poisson’s ratio —— 0.4 ——

aBeam length 200 mm, beam width 10 mm.

Fig. 1 Examplecantilever beam with constrained layer damping (base
beam and constraining layerare aluminium,the viscoelastic is ISD 112).

Fig.2 Comparisonof the FRF for the full model andthe model reduced
by eigensystem truncation.

axial displacement and a viscoelastic shear angle. The element has
three rigid-body modes. Thus, in a 10-element model, to be used to
demonstrate the reduction methods, there are 61 physical DOF and
a further 183 auxiliary DOF, giving a total of 244 DOF.

For thebeamwith 10 elements,Table2 shows the natural frequen-
cies and damping ratios of the beam that are within the frequency
range of the viscoelasticmodel (between 10 and 4800 Hz) obtained
for the full model using the GHM approach and also using the it-
erative approach. In practice the iterative approach would obtain
the material properties by interpolation of the measured data, but
here the GHM expression for the material properties was used to
enable the comparison of the methods. It is clear that the meth-
ods did not give exactly the same eigenvalues because during the
iterative process a real frequency must be generated from the com-
plex eigenvalue to estimate the complex material properties. How-
ever, the natural frequencies and damping ratios are very close.
Figures 2 and 3 compare the frequency response function, where
the beam was forced at the tip and the response was measured at
the tip, for the modal truncation methods and the full model. Only
the � rst four modes (eight eigenvalues) are used in the modal trun-
cation approach, although the two smallest real eigenvalues were
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Table 2 Natural frequencies and damping ratios (in parentheses) for the cantilever beam
with constrained layer damping: reduction of the full model

Balanced realization, Static reduction to
Full model, Iterative full model reduced to the 61 physical
244 DOF method 12 states DOF

Underdamped modes, Hz (%)
98.224 (2.83) 98.156 (2.81) 98.224 (2.83) 99.072 (7.45)
652.42 (4.17) 651.36 (4.15) 652.39 (4.17) 713.10 (6.47)
1757.6 (3.27) 1756.0 (3.25) 1757.9 (3.29) 2060.8 (7.81)
3361.0 (2.61) 3359.4 (2.58) 3362.5 (2.20) 4097.8 (8.57)
5490.3 (2.12) 5494.5 (2.20) 6237.1 (0.91)

Real poles
¡66:351 ¡248:23 ¡108:01
¡243:31 ¡2223:9 ¡410:75

Fig.3 Comparisonof the FRF for the full model andthe model reduced
by eigensystem truncation calculated by the iterative method.

also included to improve the low-frequency correlation. These real
eigenvalueswere not available from the iterative approach, leading
to larger errors in the low-frequency range.

Also shown in Table 2 are the eigenvalues for a balanced real-
ization of the full model reduced to the 12 states. An intermediate
model containing the 64 smallest real poles and the lowest 6 un-
damped modes was used to ease the computation of the balanced
realization. The real poles include all of those lower in magnitude
than the � rst three underdampedeigenvalues.This initial reduction
is somewhat arbitrary, but should produce an intermediate model
that is small enough to allow the calculationof the balancing trans-
formation, but large enough to incorporate all of the important dy-
namics of the structure. A model reduced to 10 states was tried,
but produced a poor � t to the full model. Figure 4 compares the
frequency response function for this approach with that of the full
model. Obviously, the reduced model is well able to represent the
full model in the frequency range of interest.

Static reduction of the full model was also tried, and Table 2
shows the resulting natural frequencies and damping ratios when
the model is reduced to the physical degrees of freedom. After the
dissipationcoordinatesare removed, the viscoelasticmaterial prop-
erties cannot be incorporated into the full model in an accurate
way, leading to considerable errors in both natural frequencies and
damping. It may easily be shown from Eq. (4) that this reduction
models the frequency dependence of the viscoelastic material by
a quadratic function, leading to considerable errors in the material
modulus.

Fig.4 Comparisonof the FRF for the full model andthe model reduced
by balanced realizations.

Suppose that the physicalmodel of the beam is assembled to give
the matrices in Eq. (1). The beam model is reduced using a SEREP
transformationbased on the modes of the undamped structure with
an assumed viscoelastic modulus of 1 MN/m2 . This transforma-
tion is used to reduce all of the matrices in Eq. (1), which now
includes the frequency-dependent viscoleasticmodulus. Therefore,
there is some loss of accuracy in the reduction transformationover
structures with a constant modulus. The GHM approach is now
applied to this reduced model, to give a reduced model including
dissipationcoordinatesto model theviscoelasticmaterialproperties.
Table 3 shows the natural frequencies and damping ratios obtained
when the beam model is reduced to three, two, and one DOF per
node, where u; w; and w0 are the axial displacement, the transverse
displacement,and the beam rotation,respectively.Clearly, a signi� -
cant reductionin the numberof DOF is possiblewithouta signi� cant
loss of accuracy in the frequency range of interest.

It was then attempted to reduce the element matrices before as-
sembly. Once again three terms were used in Eq. (2) to model the
viscoelasticmaterial using the GHM approach.The element had 10
DOF and 3 rigid-body modes. Thus, there were 21 auxiliary DOF,
giving 31 DOF in total for the element including the viscoelastic.
Only the 10 physical DOF per element were retained. Static re-
duction, a truncated eigensystem, and a balanced realization were
tried. For the eigensystem truncationonly the underdamped modes
were retained. Table 4 shows the estimated natural frequency and
damping ratio of the assembledbeam obtainedusing thesemethods.
It is clear that the models of the assembled beam give signi� cant
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Table 3 Natural frequencies and damping ratios (in parentheses) for the cantilever beam
with constrained layer damping: reduction of structural matrices before the application of

the GHM methodology

SEREP reduction SEREP reduction SEREP reduction
Full model, 61 to 3 DOF per node to 2 DOF per to 1 DOF per
physical DOF u; w; w0 node u; w node w

Underdamped modes, Hz (%)
98.224 (2.83) 98.248 (2.83) 98.212 (2.84) 98.143 (3.02)
652.42 (4.17) 652.48 (4.17) 652.46 (4.22) 655.02 (7.98)
1757.6 (3.27) 1757.8 (3.27) 1760.6 (3.66) 1769.4 (5.00)
3361.0 (2.61) 3361.6 (2.63) 3367.2 (3.13) 3372.0 (3.49)
5490.3 (2.12) 5494.3 (2.25) 5496.5 (2.42) 5502.6 (2.66)

Real poles
¡66:351 ¡66:379 ¡66:547 ¡104:14
¡243:31 ¡243:42 ¡244:16 ¡321:73

Physical DOF
61 30 20 10

Fictitious DOF
183 48 48 27

Total No. DOF
244 78 68 37

Table 4 Natural frequencies and damping ratios (in parentheses) for the cantilever beam
with constrained layer damping: reduction of element matrices by reducing out � ctitious or

dissipative DOF

Full model, 61 Static Eigensystem Balanced
physical DOF reduction truncation realization

Underdamped modes, Hz (%)
98.224 (2.83) 99.072 (7.47) 109.73 (0.00) 100.06 (5.93)
652.42 (4.17) 713.10 (6.47) 697.91 (0.01) 714.21 (5.95)
1757.6 (3.27) 2060.8 (7.81) 1866.9 (0.05) 2066.4 (7.55)
3361.0 (2.61) 4097.8 (8.57) 3506.3 (0.08) 4132.0 (8.65)
5490.3 (2.12) 6237.1 (0.91) 5633.2 (0.11) 6224.7 (0.64)

Real poles
¡66:351 ¡12:409 ¡28:593
¡243:31 ¡108:01 ¡139:55

Table 5 Natural frequencies and damping ratios for the underdamped eigenvalues
for the element matricesa

Full model, Static reduction, Eigensystem truncation, Balanced realization,
kHz (%) kHz (%) kHz (%) kHz (%)

40.49 (8.00) 20.42 (99.87) 40.49 (8.00) ¡179:65=¡2:0384e5
63.71 (0.12) 45.88 (45.05) 63.71 (0.12) 63.81 (¡0:02)
122.5 (0.02) 79.64 (0.90) 122.5 (0.02) 122.6 (0.00)
185.4 (0.02) 138.1 (0.38) 185.4 (0.02) 185.5 (0.00)
263.6 (0.03) 209.7 (0.80) 263.6 (0.03) 264.0 (0.00)
274.6 (0.00) 301.1 (0.49) 274.6 (0.00) 274.7 (0.00)
610.7 (0.00) ¡77:969=¡2:6455e5 610.7 (0.00) 610.9 (0.00)

aThree rigid-body modes.

errors in natural frequencyand very poor damping estimates. Static
reduction gives the same model irrespective of whether the reduc-
tion is performed at the element level or for the assembled beam.
Table 5 compares the natural frequencies and damping ratios of
the element models and shows good agreement for balanced re-
alization. Obviously for the truncated eigensystem they are exact.
Figure 5 shows the frequency response function (FRF) for the el-
ement, where a translational force was applied at one end of the
beam, and the response was measured at the same point. Both the
full element model and the model based on the truncated eigen-
system are shown. Figure 6 shows the equivalent response com-
parison for the balanced realization. Obviously, the agreement in
both cases is very good. It is thought that the poor quality assem-
bled model arises because the dissipation coordinates are reduced
out, leading to signi� cant errors during assembly because of the
frequency-dependent material modulus. Essentially, the constraints
between the dissipation coordinates between elements cannot be
enforced.

A further dif� culty is that the element model is reduced based
on the free–free eigensystem. In this con� guration little shear is

produced in the viscoelastic layer, leading to very lightly damped
modes in the assembled model. The reduction based on a bal-
anced realization uses the free–free input–output relationship, and
although there are two real modes in the reduced model, Table 5
shows that some of the very lightly damped models become unsta-
ble when the model is truncated. Attempts by the authors to base
the reductionon a combinationof rigid-bodymodes and constrained
modes (for example,clamped–free) have thus far beenunsuccessful.

VII. Computational Issues
This paper has considered a number of reduction methods to

produce lower-order models of structures with viscoelasticcompo-
nents. The goal is to produce a model that accurately represents the
structure but may be used to ef� ciently design control systems or
simulate the transient response of the structure. Thus, much of the
computationaleffortwould occur after the generationof the reduced
model. However, it is still worthwhile to consider the computational
effort required to produce the reduced models described. This will
take the form of a discussion, rather than adding a CPU time or
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Fig. 5 Comparison of the FRF for a single element and the model
reduced by eigensystem truncation.

Fig. 6 Comparison of the FRF for a single element and the model
reduced by balanced realization.

number of � oating-pointoperations row to the tables of results, be-
cause there are a number of factors (described later) that make such
a numerical comparison of limited value.

Reducing the full model using eigensystem truncation requires
the calculationof the eigenvaluesand eigenvectorsof the state-space
matrix,which is proportionalto n3, where n is the size of the matrix.
The constant of proportionalityis dependent on the method used to
compute the eigensystem, how many eigenvalues are required, the
bandwidth of the matrices, which form of the state-space matrix is
used, and so on. The iterative approach to calculating the eigensys-
tem requires the calculationof a larger number of eigensystems,but
only at the physical DOF. In the numerical example there are 61
physical DOF and 244 DOF in total. Therefore, each eigensystem
computation in the iterative approach requires a factor of 43 D 64
less computation.Against this, there are four eigenvaluesin the fre-
quency range, and if each required four iterations for convergence
(this is more than adequate in the example, but the number of iter-
ations invariably depends on the speci� ed convergence tolerance)
then the saving in computation for the iterative approach is a factor
of 4. Further saving may be made by interpolatingthe material prop-

erties so that the optimization of the GHM model to the measured
data does not have to be undertaken. The reduction via a balanced
realization requires an intermediate model based on eigensystem
truncation, and therefore requires a similar computational effort to
the straight eigensystem truncation.

In the reduction of the physical substructure before the applica-
tion of the GHM methodology, there are two eigensystems to be
computed. The � rst is based on the undamped model to generate
the SEREP reduction of the physical substructure. Because this is
based on the undamped model, in the example the size of the matri-
ces from which the eigensystemis computed is a factor of 8 smaller
than the full state-space matrix, and furthermore the eigensystem
will be real. Once the dissipation coordinates have been added to
the reduced model, the eigensystem must be calculated. Table 3
gives the number of DOF in these reduced models and even retain-
ing 3 DOF per node produces a computational saving of a factor of
( 244

78
)3 ¼ 31.

Reduction at the element level is very computationally ef� cient.
At the element level the matricesare very small and either the eigen-
system or the balanced realization may be computed quickly. Fur-
thermore, in the numerical example, the assembled model has only
61 DOF. Unfortunately,the poorqualityof the reducedmodelwould
not allow this approach to be used in practice.

VIII. Conclusions
This paper has consideredthe possibilityof reducing the order of

� nite element models of structures with viscoelastic components.
Both the eigensystem truncation method and the balanced realiza-
tion approach are able to reduce the order of the full model but still
retain the important dynamic properties. These methods applied to
the full model were successful and produced an accurate reduced-
order model. Methods using reduction transformations based on
the undamped model performed poorly. A new iterative method to
calculate the eigensystem of the full structure was introduced that
generated an accurate reduced model with some potential saving in
computationand avoidingthe need to generatea GHM model for the
viscoelasticmaterial. It was demonstrated that the structural model
may be reduced before the GHM approach (and, therefore, the ex-
tra dissipation coordinates) is applied, and this gives a reasonably
accurate damped model. Reducing the matrices at the element level
back to the physicalDOF, after the GHM terms have been included,
produced a poor damped model of the structure. It is postulated
that this poor performance is because, when the dissipation coor-
dinates are removed, the viscoelastic material properties cannot be
incorporated into the full model during the assembly process in an
accurateway. This is disappointing,becausesuch reducedmodels at
the element level would enable components containing viscoelas-
tic material to be incorporated easily into standard � nite element
codes.
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